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Exact solution of the one-dimensional anisotropict–J
model: ground-state properties and the excitation spectrum

R Sato†
Department of Physics, Faculty of Science, Osaka University, Toyonaka, Osaka 560, Japan

Received 2 April 1996, in final form 16 July 1996

Abstract. The one-dimensional anisotropict–J model was exactly solved using the Bethe
ansatz. We first discuss the effect of anisotropy on the ground-state properties. We find a
continuous phase transition induced by a magnetic field. The low-lying (spin and charge)
excitation spectrum is obtained for various fillings. According to the anisotropy, the model has
massive or massless modes for spin excitations. At half-filling, the model reduces to the spin-
1
2 antiferromagneticXXZ-model. We calculate the correct excitation continuum whose lowest
mode is lower than that obtained by des Cloizeaux and Gaudin. Charge excitations are massless
for any value of the anisotropy.

1. Introduction

In recent years thet–J model [1, 2] has been intensively studied as a candidate for a model
for high-Tc superconductivity. It is argued [3] that strongly correlated electronic systems in
one and two dimensions may share common aspects, so it is crucial to obtain exact results
in one dimension. The one-dimensional (1D) isotropict–J model at its ‘supersymmetric’
point is exactly solvable using the (nested) Betheansatz[4, 5] and various properties of
the model have been studied by many authors [6–11]. Even more recently, several versions
of the solvable anisotropict–J model with certain quantum group symmetries have been
considered [12–17]. One characteristic property of the anisotropict–J model is that the
superconducting correlation dominates other correlations [14, 16]. This property is not
present for the usual (isotropic) supersymmetrict–J model [9] (see also [18]). In this paper
we will study the 1D anisotropic supersymmetrict–J model which is exactly solvable
using the Betheansatz. In particular, we discuss the ground-state properties in relation to
anisotropy and magnetic field, and also obtain the low-lying (spin and charge) excitation
spectrum.

We consider the anisotropict–J model with splq(2, 1) supersymmetry on a 1D lattice
of L sites, which is defined by the Hamiltonian (〈i, j〉 denotes neighbouring sites)

H(0) = P
{
−t

∑
〈i,j〉,σ

(c
†
iσ cjσ + HC) + J

2

∑
〈i,j〉,σ

c
†
iσ ci−σ c

†
j−σ cjσ

− J

2

∑
i

(q−1ni↓ni+1↑ + qni↑ni+1↓)

}
P (1)
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or, in a more transparent form,

H(0) = P
{
−t

∑
〈i,j〉,σ

(c
†
iσ cjσ + HC) − q − q−1

2
J

∑
〈i,j〉

1

2
(niS

z
j − Sz

i nj )

+ J
∑
〈i,j〉

[
Sx

i Sx
j + S

y

i S
y

j + q + q−1

2

(
Sz

i S
z
j − 1

4
ninj

)]}
P + q + q−1

2
J

∑
i

ni .

(2)

Here c
†
jσ (cjσ ) is the creation (annihilation) operator for electrons (σ = ↑, ↓), and

nj = nj↑ + nj↓ (njσ = c
†
jσ cjσ ) denotes the number operator. The projectorP restricts the

Hilbert space to that of no double occupancy. One should note that the HamiltonianH(0)

explicitly breaks the time-reversal symmetry. The parameterq determines the anisotropy of
the model. At half-filling the model reduces to the spin-1

2 XXZ-model (up to an irrelevant
constant term). We shall consider the model in a magnetic fieldh and with a chemical
potentialµ:

H = H(0) − h

2

∑
i

(ni↑ − ni↓) + µ
∑

i

ni . (3)

In the isotropic limit q → 1, the HamiltonianH with µ = −J reduces to the usual
(isotropic)t–J model [8]. The anisotropict–J model is exactly solvable whenJ = ±2t . It
is convenient to parametrizeq in order to specify the region (hyperbolic or trigonometric)
of anisotropy of the model as follows:

1 ≡ q + q−1

2
=

{
coshγ (q = eγ , 1 > 1)

cosγ (q = eiγ , |1| 6 1).
(4)

In the trigonometric region, the HamiltonianH(0) (and alsoH) is not hermitian; however, it
possesses real eigenvalues [12]. In what follows we concentrate on the region where1 > 0
which is of physical relevance. We also sett = 1 andJ = 2, i.e., we treat the model with
‘antiferromagnetic’ interaction.

2. Ground-state properties

In this section we discuss the ground-state properties of the anisotropict–J model (3) with
J = 2t in relation to the anisotropy and magnetic field. The model can be diagonalized
using the Betheansatz[19–21]. As is the case for the usual supersymmetrict–J model
[10], we have three possible types of Betheansatzequation, depending on what kind of
‘grading’ we choose. It is convenient to employ the so-called Sutherland representation
[5] (where we regard the state with all of the sites occupied by up-spin electrons as the
background (reference state)), since no complex roots of the Betheansatzequations are
present in the ground states and low-lying excited states at zero temperature.

The Bethe ansatz equations with periodic boundary conditions in the Sutherland
representation take the form (forL even)[

F(λj − iγ /2)

F (λj + iγ /2)

]L

= −
Nh∏

α=1

F(λj − 3α + iγ /2)

F (λj − 3α − iγ /2)

M∏
k=1

F(λj − λk − iγ )

F (λj − λk + iγ )
1 6 j 6 M

(5)
M∏

k=1

F(3α − λk − iγ /2)

F (3α − λk + iγ /2)
= 1 1 6 α 6 Nh (6)
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whereN↑ (N↓) is the number of up-spin (down-spin) electrons,Nh is the number of empty
sites, andM = N↓ + Nh. The number of electrons is denoted byNe (= N↑ + N↓). The
function F(α) is defined by

F(α) :=
{

sinhα (1 > 1)

sinα (0 6 1 < 1).
(7)

The total energy and momentum are written in terms of the solutions of (5) and (6) as

E = 2f (γ )L −
M∑

j=1

g(λj ) − h

2
(N↑ − N↓) + µNe (8)

P = (L − 1)π − i
M∑

j=1

ln

(
F(λj − iγ /2)

F (λj + iγ /2)

)
(9)

where the functionsf (α) andg(α) are respectively defined by

f (γ ) :=
{

coshγ (1 > 1)

cosγ (0 6 1 < 1).
(10)

g(α) :=


2 sinh2 γ

coshγ − cos 2α
(1 > 1)

2 sin2 γ

cosh 2α − cosγ
(0 6 1 < 1).

(11)

Taking the logarithm of the equations (5) and (6), we arrive at

Lθ(2λj ) = 2πIj −
Nh∑

α=1

θ(2(λj − 3α)) +
M∑

k=1

θ(λj − λk) (12)

M∑
k=1

θ(2(3α − λk)) = 2πJα (13)

where θ(α) = 2 arctan[coth(γ /2) tanhα]. The integers or half odd integersIj and Jα

characterize the eigenstates. In the thermodynamic limit, the continuous densitiesρ(0)
s (λ)

andρ(0)
c (3) of the distributions of the (spin and charge) rapidities for the ground state are

obtained as the solutions of the following set of coupled integral equations (superscript ‘(0)’
indicates the ground state):

ρ(0)
s (λ) = S2(λ) +

∫ Q

−Q

dλ′ S1(λ − λ′)ρ(0)
s (λ) +

∫ B

−B

d3′ S2(λ − 3′)ρ(0)
c (3′)

ρ(0)
c (3) =

∫ Q

−Q

dλ′ S2(3 − λ′)ρ(0)
s (λ′)

(14)

with

S1(α) = −φ(α, 2γ ) S2(α) = φ(α, γ ) (15)

where the functionφ(α, γ ) is defined by

φ(α, γ ) :=


1

π

sinhγ

coshγ − cos 2α
(1 > 1)

1

π

sinγ

cosh 2α − cosγ
(0 6 1 < 1).

(16)
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The integration limitsQ andB determine the densities (06 Q, B 6 π/2 for 1 > 1 and
0 6 Q, B 6 ∞ for 0 6 1 < 1):∫ Q

−Q

dλ ρ(0)
s (λ) = M/L = (N↓ + Nh)/L = m = n↓ + nh (17)∫ B

−B

d3 ρ(0)
c (3) = Nh/L = (L − Ne)/L = nh = 1 − ne. (18)

The magnetization and the ground-state energy are given by

σ = Sz
total/L = 1

2
−

∫ Q

−Q

dλ ρ(0)
s (λ) + 1

2

∫ B

−B

d3 ρ(0)
c (3) (19)

e = E/L = 2f (γ ) −
∫ Q

−Q

dλ g(λ)ρ(0)
s (λ) − hσ + µne. (20)

Note that at half-filling these Betheansatzequations reduce to those for the spin-1
2 XXZ-

chain [22]:

H = 1

2

L∑
i=1

(σ x
i σ x

i+1 + σ
y

i σ
y

i+1 + 1σz
i σ z

i+1) (21)

({σa} (a = x, y, z) are the Pauli matrices) with the same value of1 (or γ ).
To express several physical quantities as implicit functions ofQ andB, we employ the

‘dressed-charge-matrix’ formalism [23, 24]. We first rewrite the equations (14) as a matrix
integral equation of the form

ρ(0)(λ, 3) = ρ
(0)

0 (λ, 3) + K(λ, 3; λ′, 3′)ρ(0)(λ′, 3′) (22)

with

ρ(0)(λ, 3) ≡
(

ρ(0)
s (λ)

ρ(0)
c (3)

)
ρ

(0)

0 (λ, 3) =
(

S2(λ)

0

)
. (23)

The integral-kernel matrixK is defined by

K(λ, 3; λ′, 3′) ≡
(

K11(λ − λ′) K12(λ − 3′)
K21(3 − λ′) K22(3 − 3′)

)
=

(
S1(λ − λ′) S2(λ − 3′)
S2(3 − λ′) 0

)
(24)

whose elements operate on a scalar functionA(x) as

Kαβ(λ − λ′)A(λ′) =
∫ aβ

−aβ

dλ′ Kαβ(λ − λ′)A(λ′) a1 = Q a2 = B. (25)

The dressed charge matrix4(λ, 3) and the dressed energy (in zero magnetic field)ε(λ, 3)

[23, 24],

4(λ, 3) ≡
(

ξ11(λ) ξ12(3)

ξ21(λ) ξ22(3)

)
ε(λ, 3) ≡

(
ε1(λ)

ε2(3)

)
(26)

also obey equations similar to (22) with the respective inhomogeneous terms

40(λ, 3) =
(

1 0
0 1

)
ε0(λ, 3) ≡

(
ε01(λ)

ε02(3)

)
=

( −g(λ)

0

)
. (27)

In the spirit of Woynarovich and Penc [25], we can derive the expressions for the
magnetic fieldh, the chemical potentialµ, and the magnetic susceptibilityχ as functions
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of Q andB (for a detailed account of the formalism, see [25, 26, 11]). The results are

h(Q, B) = −ε1(Q)ξ22(B) + ε2(B)ξ12(Q)

det4(Q, B)
(28)

µ(Q, B) = ε1(Q)[2ξ21(B) − ξ22(B)] − ε2(B)[2ξ11(Q) − ξ12(Q)]

2 det4(Q, B)
(29)

χ−1(Q, B) = v1(Q)(ξ22(B))2 + v2(B)(ξ12(Q))2

2 det4(Q, B)
. (30)

The factorsv1(Q) andv2(B) in (30) are the Fermi velocities (times 2π ) [24].

Figure 1. The optimal (ground-state) electron densityn∗
e as a function of the anisotropyγ

in the grand canonical ensemble withµ = −2f (γ ) = −2 cosγ (in the trigonometric region,
1 = cosγ ). n∗

e = 2
3 for γ = 1

2π (1 = 0).

In what follows in this section, we will consider the model in the grand canonical
ensemble for convenience. We first investigate the effect of anisotropy on the ground state
in zero magnetic field (Q = π/2, or ∞). From (14)–(20) we can determine the optimal
electron densityn∗

e for which the model has the lowest energy among all fillings when a
value of the anisotropyγ is given. Here we setµ = −2f (γ ) for comparison with the
isotropic case. We obtained that

n∗
e = 1 for 1 > 1

2

n∗
e 6= 1 for 1 < 1

2.
(31)

(see figure 1). That is, for1 > 1
2 the ground state of the anisotropict–J model is that

of the spin-12 XXZ-model with the same value of1 (or γ ). The present result includes
the result for the isotropict–J model (γ = 0) where the half-filling case gives the lowest
energy among all fillings [8]. As1 → 0 (γ → 1

2π in the trigonometric region), the ground
state approaches the symmetrical pointn↑ = n↓ = nh = 1

3.
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Figure 2. The chemical potentialµ and its derivative versus electron densityne for various
values of the anisotropyγ in the hyperbolic region (1 = coshγ ).

Both the chemical potential and its derivative with respect to the electron densityne for
different values ofγ in the hyperbolic region (1 = coshγ ) are shown in figure 2. We set
h = 0 here. At half-filling (B = 0) we explicitly obtain

µ

(
π

2
, 0

)
= sinhγ

[
1 + 2

∞∑
m=1

(1 − tanh(mγ ))

]
. (32)

We can perform a similar calculation in the trigonometric region (1 = cosγ ) and have

µ(∞, 0) =
∫ ∞

−∞
dα

γ sinγ

cosh(πα)(cosh(2γα) − cosγ )
. (33)

The compressibilityκ becomes larger as the anisotropy becomes stronger, sinceκ−1 ∝
dµ/dne. This is compatible with the fact that the region of superconductivity is larger for
stronger anisotropy [16].

Consider next the magnetic property of the model. From (28) and (30) we can obtain
the inverse magnetic susceptibilityχ−1 as a function of the magnetic fieldh. For 1 > 1
(including the isotropict–J model), the susceptibilityχ(h) as well as the magnetization
curve are the same as those of the spin-1

2 XXZ-chain (theXXX-chain for1 = 1). For1 < 1,
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Figure 3. Magnetic properties in the grand canonical ensemble for1 = cosγ with γ = 2π/7.
(a) The magnetization curve. Curve A is given by that for the sector withN↓ = 0, curve B
for the sector withN↓, Nh 6= 0 and curve C for the sector withNh = 0, respectively. (b) The
inverse magnetic susceptibilityχ−1 as a function of magnetic fieldh. The transition points are
hc1 = 1.67... andhc2 = 2.46. . ..

on the other hand, we found a magnetic phase transition. The magnetization curve and the
inverse susceptibilityχ−1(h) for 1 = cos(2π/7) are shown as an example in figure 3. In
this case, the high-field curve (curve A in figure 3) is obtained by solving the Betheansatz
equations (14) with the constraintN↓ = 0. The low-field curve (curve C) is obtained with
the conditionNh = 0 and is the same as a part of the magnetization curve of the spin-1

2
XXZ-chain. For moderate values ofh (curve B) we have to solve the equations under
the conditionN↓, Nh 6= 0. We have then three different phases according to the range of
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Figure 4. Magnetic properties for various fixed electron densitiesne (1 = cosγ with
γ = 2π/7). (a) The magnetization curveσ versush. (b) The inverse magnetic susceptibility
χ−1 as a function of the magnetic fieldh.

the magnetic field. The phase transition is of second order since the magnetization curve
is continuous and the magnetic susceptibility shows finite discontinuity at the transition
points hc1 and hc2. We estimate the exact values ofhc1 and hc2 as hc1 = 1.67. . . and
hc2 = 2.46. . .. For 0 6 1 < 1

2, the low-field part of the magnetization corresponding to
the curve C in figure 3 disappears, so we have only one phase transition point.

To complement the above description, we show in figure 4 the magnetization curve
and the magnetic susceptibility when electron densities are fixed. The saturation fieldhs is
explicitly given byhs = (1 + 1) sin2(πne/2). At half-filling we reproduce the results for
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the spin-12 XXZ-chain. The magnetic susceptibility at magnetic saturation is divergent only
at half-filling.

3. The excitation spectrum

In this section we study the low-lying excitations over the ground state. Bares, Blatter and
Ogata calculated the excitation spectrum of the usual (isotropic)t–J model [8]. Below we
will make a similar analysis on the anisotropict–J model. Calculations are simplified by
taking the dressed-charge-matrix formalism [23, 24]. Here we are mainly interested in the
hyperbolic region where1 > 1. We find a notable fact in this region (in the trigonometric
region 0 6 1 < 1, the results are rather similar to those for the isotropic model). We
calculate the excitations with the number of electrons fixed. We assumeL even andh = 0.

3.1. Spin excitations

Spin excitations are obtained by varying the sequence{Ij } in (12) from its ground-state
configuration. Following Faddeev and Takhtajan [27], we have two types of thephysical
(spin-wave-type) excitation. One of them is constructed by having an even number 2N of
‘holes’ in the distribution of theλ-rapidities, denoted by real numbersλjh (j = 1, 2, . . . , 2N)

which correspond to the holes{Ijh} in the sequence{Ij }. The total spin of this excitation
is S = Sz

total = N and we have spin-multiplet excitations. In the thermodynamic limit, we
obtain a set of coupled integral equations:

ρs(λ) = S2(λ) +
∫ Q

−Q

dλ′ S1(λ − λ′)ρs(λ) +
∫ B

−B

d3′ S2(λ − 3′)ρc(3
′)

− 1

L

2N∑
j=1

δ(λ − λjh)

ρc(3) =
∫ Q

−Q

dλ′ S2(3 − λ′)ρs(λ
′)

(34)

where the functionsS1(α) andS2(α) are given in (15). At half-filling these equations reduce
to those for the spin-12 XXZ-model. We define the ‘order-1/L’ change of the continuous
root densities:

σ(λ, 3)/L =
(

σ1(λ)/L

σ2(λ)/L

)
=

(
ρs(λ) − ρ(0)

s (λ)

ρc(λ) − ρ(0)
c (λ)

)
.

From the equations (14) and (34) we can write a set of coupled integral equations for
σ(λ, 3) as

σ(λ, 3) = ψ(λ, 3) + K(λ, 3; λ′, 3′)σ (λ′, 3′) (35)

with

ψ(λ, 3) ≡
(

ψ1(λ)

ψ2(3)

)
=

 −
2N∑
j=1

δ(λ − λjh)

0

 . (36)

The integral-kernel matrixK is given as (24).
The excitation energyε is calculated to be

ε = L

{∫ Q

−Q

dλ ε01(λ)(ρs(λ) − ρ(0)
s (λ)) +

∫ B

−B

d3 ε02(3)(ρc(3) − ρ(0)
c (3))

}
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=
2∑

α=1

∫ aα

−aα

dµα ε0α(µα)σα(µα) =
2∑

α=1

∫ aα

−aα

dµα εα(µα)ψα

= −
2N∑
i=1

ε1(λih). (37)

The momentum of the excitation (measured from the ground state) is given by

p = π

L
(L ± νN

(0)
h ) − 2π

L

2N∑
i=1

Iih = ±νkF − 2π

L

2N∑
i=1

Iih

= ± νkF − 2π

2N∑
j=1

∫ λjh

0
dλ ρ(0)

s (λ) (mod 2π) (38)

where ν = 0 for evenN and ν = 1 for odd N . The last equality in (38) is valid to
order 1/L. The effective Fermi momentum is defined bykF = πne/2. At half-filling we
reproduce the expression for the contribution from each hole, which is obtained for the
spin-1

2 XXZ-model [28]:

ε(λ) = K

π
sinhγ dn

(
2Kλ

π
, k

)
(39)

p(λ) = −π

2
+ am

(
2Kλ

π
, k

)
− π

2
6 λ 6 π

2
(40)

in the hyperbolic region (1 = coshγ ) and

ε(λ) = π sinγ

γ cosh(πλ/γ )
(41)

p(λ) = −π

2
+ arctan

[
sinh(πλ/γ )

] − ∞ < λ < ∞ (42)

in the trigonometric region (1 = cosγ ), respectively. HereK is the complete elliptic
integral with modulusk of K ′/K = γ /π . Notice thatε(±π/2) > 0 (i.e., massive) for
γ 6= 0 in the hyperbolic region andε(±∞) = 0 (i.e., massless) in the trigonometric region.

Let us consider the simplest case (N = 1), i.e., the spin-triplet excitation. In this case
we have a two-parameter excitation:

ε(λ1h, λ2h) = ε(λ1h) + ε(λ1h) (43)

p(λ1h, λ2h) = p(λ1h) + p(λ1h) − π

2
6 λ1h, λ2h 6 π

2
. (44)

The triplet excitation spectra for various fillings in the hyperbolic region (1 = coshγ with
γ = 2) are shown in figure 5. We have here massive spin excitation modes with non-linear
dispersion, whereas for the usualt–J model we have the massless excitation mode with
quasi-linear dispersion [8]. At half-filling (i.e., for theXXZ-model), notably, we find a
spin excitation mode lower than that obtained by des Cloizeaux and Gaudin [29]. They
calculated the triplet excitations in the same spirit as des Cloizeaux and Pearson [30] who
treated the spin-12 isotropic Heisenberg (XXX-) model. The des Cloizeaux–Gaudin mode
is given by [28]

ε(p) = 2K

π
sinhγ

√
1 − k2 cos2 p 0 6 p 6 2π (45)

which is obtained by eliminatingλ1h from (43) and (44) withλ2h fixed at ±π/2. As is
explained by Faddeev and Takhtajan [27], this family of states is a special one-parameter
subfamily of two-parameter states. It is true that the energy and the momentum of excitations
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are given additively by those of the individual holes with the dispersion of the same form
as (45) but with 06 p 6 π . However, the energyε(p) is an implicit function of the
momentum and the lowest excitation mode isnot necessarily given by (45) if the excitation
has a non-linear dispersion. (The des Cloizeaux–Gaudin spectrum was previously criticized
by Ishimura and Shiba [31] using the perturbation theory.) In the present case, thetrue
lowest excitation mode nearp = 0 (and 2π ) is given by

ε(p) = 2K

π
sinhγ

[
2

√
1 − k2 cos2

p

2
−

√
1 − k2

]
0 6 p 6 2π (46)

instead of (45) [32]. This form of the dispersion law is obtained by lettingλ1h = λ2h = λh

and eliminatingλh from (43) and (44). Note that (45) and (46) give the same result for the
sound velocity. In the isotropic limitγ → 0, equation (45) gives the des Cloizeaux–Pearson
modeε(p) = π |sinp|, while (46) gives the dispersionε(p) = 2π sin(p/2) that is the upper
bound of the continuum of the triplet excitation of the spin-1

2 (isotropic) Heisenberg model.
Spin excitations of the second type are constructed by making a state with 2N −2 holes

and the only one ‘string’ of lengthn (an n-string [33, 34]):

λn,j = λs + i
γ

2
(n + 1 − 2j) j = 1, . . . , n. (47)

The centreλs of the string is not an independent parameter and is determined at arbitrary
filling by the condition (neglecting the terms of order 1/L)

Lθn(λs) =
M ′∑

j=1

[θn−1(2(λs − λjh)) + θn+1(2(λs − λjh))] +
N

(0)
h∑

α=1

θn(3α − λs) (48)

whereM ′ = N
(0)
↓ + N

(0)
h − N (superscript ‘(0)’ indicates the ground state) andθn(α) =

2 arctan[coth( 1
2γ n) tanhα]. For the excitation of the present type the Betheansatzequations

in the thermodynamic limit take the form

ρs(λ) = S2(λ) +
∫ Q

−Q

dλ′ S1(λ − λ′)ρs(λ) +
∫ B

−B

d3′ S2(λ − 3′)ρc(3
′)

− 1

L

2N−2∑
j=1

δ(λ − λjh) − 1

L
(Tn−1(λ − λs) + Tn+1(λ − λs))

ρc(3) =
∫ Q

−Q

dλ′ S2(3 − λ′)ρs(λ
′) + 1

L
Tn(λ − λs)

(49)

where the inhomogeneous termTn(α) is given by

Tn(α) = 1

π

sinhnγ

coshnγ − cos(2α)
. (50)

Defining

ψ(λ, 3) ≡
(

ψ1(λ)

ψ2(3)

)
=

 −
2N∑
j=1

δ(λ − λjh) − Tn−1(λ − λs) + Tn+1(λ − λs)

Tn(λ − λs)

 (51)

we have a set of equations similar to (35). It then follows that the excitation energy is given
by

ε = ε0s(λs) +
2∑

α=1

∫ aα

−aα

dµα εα(µα)ψα = −εs(λs) −
2N−2∑
j=1

ε1(λjh) (52)
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Figure 5. Spin excitations (triplet) for various electron densitiesne. The effective Fermi surface
is at kF . The anisotropy is1 = coshγ with γ = 2. The continua are obtained by calculating
the two-parameter excitations (43) and (44). The result forne = 1 gives the excitation spectrum
of the spin-12 XXZ-chain. Forne → 0 the free-particle triplet excitation spectrum is reproduced.

where

ε0s(λs) = − 2 sinh2 nγ

coshnγ − cos(2λs)
(53)
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Figure 5. (Continued)

is the ‘bare’ energy of then-string, andεs(λs) denotes the dressed energy of the string
which is defined by

εs(α) = − 2 sinh2 nγ

coshnγ − cos(2α)
−

∫ Q

−Q

dλ′ d

dλ
[θn−1(2(λ − λ′)) + θn+1(2(λ − λ′))]ε1(λ

′)

+
∫ B

−B

d3 Tn(λ − 3)ε2(3). (54)
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It is easy, using the integral equations forε1(λ) and ε2(3), to show thatεs(λs) = 0, i.e.,
the string has no contribution to the energy of excitation. Thus, the excitation energy is just
the same as that of an excitation with 2N − 2 holes only. Similarly, we can also show that
we have the same expression for the momentum of excitation as (38) withN replaced by
N − 1. The quantum numbers of the spin are found to beS = Sz = N −n. For N = n = 2
we have the spin-singlet excitation which has the same energy and momentum as those of
the spin-triplet excitation of the first type considered above.

Figure 6. Charge excitations (particle–hole) for various electron densitiesne. The effective
Fermi surface is at 2kF . The anisotropy is1 = coshγ with γ = 2. The continua are obtained
by calculating the two-parameter excitations (58) and (60), except for in the two limiting cases
ne → 0, 1. In the low-density limitne → 0, only the ‘hole’ part of the spectrum is present. For
ne → 1, on the other hand, only the ‘particle’ part survives.

3.2. Charge excitations

Keeping the number of electrons fixed, we obtain the holon–antiholon (particle–hole)
excitation which is constructed by varying the distribution of3, leaving the spin
configuration unchanged. We make a ‘hole’ by removing one rapidity of3h (|3h| 6 B)
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from the ground-state distribution and create a ‘particle’3p outside the Fermi boundaryB.
For those excitations in the thermodynamic limit we deal with the following set of coupled
integral equations:

ρs(λ) = S2(λ) +
∫ Q

−Q

dλ′ S1(λ − λ′)ρs(λ) +
∫ B

−B

d3′ S2(λ − 3′)ρc(3) + 1

L
S2(λ − 3p)

ρc(3) =
∫ Q

−Q

dλ′ S2(3 − λ′)ρs(λ
′) − 1

L
δ(3 − 3h)

(55)

with the requirement∫ B

−B

d3 ρc(3) = N
(0)
h − 1

L
. (56)

The ‘backflow’ distributionσ(λ, 3) again obeys equation (35), but with

ψ(λ, 3) ≡
(

ψ1(λ)

ψ2(3)

)
=

(
S2(λ − 3p)

−δ(3 − 3h)

)
. (57)

Similarly to the spin excitations, we can express the charge excitation energy in terms of
the dressed energies:

ε =
2∑

α=1

∫ aα

−aα

dµα ε0α(µα)σα(µα) + µ =
2∑

α=1

∫ aα

−aα

dµα εα(µα)ψα + µ

= − ε2(3h) + ε2(3p) > 0 (58)

(equality holds for3h = 3p). Clearly, the charge excitation is massless for any anisotropy.
The momentum of the excited states is given by

p = −2π

L

∑
α

Iα = 2π

L
(Ip − Ih) (mod 2π) (59)

which yields, in the thermodynamic limit,

p = 2π

∫ 3p

3h

d3 ρ0
c (3) (mod 2π). (60)

As is the case for the isotropic case, we have additional branches at±2kF (kF = πne/2)
[8]. Here again we have a two-parameter family of the excitation. The charge excitation
spectrum for various fillings in the hyperbolic region (1 = coshγ with γ = 2) is shown
in figure 6. The effective charge Fermi surfaces are at 2kF . Note that the continuum of
states disappears in the two limiting casesne → 0, 1. In the low-density limit (B = 1

2π ,
or B → ∞), we can only create a ‘particle’ at the Fermi boundary±B and the spectrum
reduces to the one-parameter family of a hole. At half-fillingB = 0, on the other hand,
there is no room to make a ‘hole’ in the3 distribution. Therefore, only the particle part
survives (|3p| 6 1

2π , or |3p| 6 ∞).

4. Summary

We obtained the exact solution of the anisotropic supersymmetrict–J model in one
dimension. We determined the ground-state properties in relation to the anisotropy. For
1 > 1, the ground-state (ath = 0) and the magnetic properties are just those of the spin-1

2
XXZ-chain (theXXX-chain in the isotropic limit). For1 < 1, on the other hand, we
found a continuous magnetic phase transition. The low-lying (spin and charge) excitation
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continuum is calculated for various electron fillings. We found that the charge excitations
are massless for any value of the anisotropy. Whether the spin excitations are massive or
massless depends on the anisotropy of the model. Remarkably, at half-filling (namely, for
the spin-12 XXZ-model), we identified the correct lowest (spin) excitation mode which has
previously not been known.
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